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The methods for multiphase stability determination are generally based on Gibbs free
energy minimization. However, a novel and efficient method is proposed in this work for
one-, two-, and particularly three-liquid-phase stability identification in ternary mixtures.
The method is designated the extended general line-length (EGL) method, which is based
on our previous GL method. Both the EGL and GL methods are equation-solving
approaches. The EGL method is easy to understand and can be performed fast. Only
parameters of the thermodynamic models, such as UNIQUAC and NRTL, are required for
the stability determination. The thermodynamic model applied does not influence the
rapidness and validity of the EGL method. Graphical techniques and simultaneous
computation are adopted in this method. Its applicability and efficiency are exemplified by
three typical examples. For each example, three different phase configurations, consisting
of one-, two-, and up to a three-liquid phase, are tested. The results show that the EGL
method can be used for the determination of multiphase stability in all liquid-phase
configurations of ternary systems. © 2004 American Institute of Chemical Engineers AIChE J,
50: 2571–2582, 2004
Keywords: ternary mixture, three-liquid phase, stability, graphical techniques, optimiza-
tion

Introduction

A main concern in the simulation and design of separation
processes, such as distillation and extraction, is the phase
distribution at equilibrium. At a given pressure P and temper-
ature T, the first task is to decide whether the liquid phase is
stable or unstable and how many liquid phases can coexist at
equilibrium with a given liquid mixture of specified overall
composition. In particular, process simulations need to be able
to reliably and efficiently predict phase distributions and then

calculate compositions within these phases. Whereas robust
algorithms are widely available for simple vapor–liquid equi-
librium, complications arise when a two- or a three-liquid–
phase configuration appears. For liquid–liquid equilibrium a
novel and robust method, that is, GL method, for determining
the phase stability has been developed by Guo et al.
(2003a,b,c). This method was found to give a satisfactory
description of two-liquid–phase stability. Usually, liquid–liq-
uid–liquid equilibrium (LLLE) or liquid–liquid equilibrium
(LLE) can appear and disappear when the concentration of one
or more components is varied during separation processes. For
ternary systems in which every pair of components is partially
miscible, the three-liquid–phase region (tie triangle) is nor-
mally enveloped by one- and two-liquid–phase regions (tie
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lines) in the phase diagram at a defined pressure and temper-
ature. Thus, determining this distinct phase behavior pattern,
known as the simultaneous phase transition from three-liquid
phase to two-liquid phase or from two-liquid phase to one-
liquid phase, is extremely important to reach the correct con-
clusions for simulation and design.

Normally, methods for multiphase stability determination can
be classified into two broad groups: Gibbs free energy minimiza-
tion methods and equation-solving methods. The first group of
methods require the solution of an optimization problem to find
the global Gibbs free energy minimum depending on material
balance constraints, given an initial estimate of the phase splitting.
The necessary and sufficient condition for any mixture is the
Gibbs tangent-plane criterion. Practical numerical implementation
of the Gibbs tangent-plane stability test for two-liquid–phase equi-
librium has been developed (Baker et al., 1982; Michelsen,
1982a,b) and was also discussed and reviewed by Cairns and
Furzer (1990). Smith et al. (1993) and Jiang et al. (1995, 1996)
presented a more general criterion in theory for global multiphase,
multireaction, chemical, and phase equilibrium. Kingsley and
Lucia (1986, 1988) discussed two- and three-phase flash and
distillation processes. Trangenstein (1987) developed a minimiza-
tion algorithm for the solution of the Gibbs free energy minimi-
zation problem involving at most two phases. Nagarajan et al.
(1991a,b) reformulated Michelsen’s method of phase stability
analysis by using the component molar densities as the primary
variables in place of the mole numbers or mole fractions, so that
the Helmholtz free energy is the proper thermodynamic function
describing equilibrium.

Eubank et al. (1992) formulated a new method, which was
described as “area method” because it minimized the Gibbs
energy by integrating, rather than differentiating, the Gibbs
energy curve to provide a maximum area rather than its deriv-
ative, the tangent line. Sun and Seider (1995) used a Newton
homotopy-continuation method in an attempt to find all the
stationary points, which is easier to initialize than the approach
of Michelsen (1982a,b). McDonald and Floudas (1995a,b,c,
1997) reformulated the phase stability problem, and solved it
by powerful global optimization techniques, generally involv-
ing the deterministic branch and bound using convex underes-
timating functions. Hua et al. (1996, 1998a,b, 1999) proposed
the use of the interval Newton method for stability analysis.
Zhu et al. (1999a,b, 2000) introduced a simulated annealing
algorithm and a new branch and bound algorithm to search the
global optimal solutions for the multipeak phenomena that
generally exist in phase-stability problems based on the Gibbs
free energy minimization. Lucia et al. (2000) used binary
tangent plane analyses instead of finding all stationary points in
the tangent-plane distance function to solve a sequence of
subproblems until the global minimum dimensionless Gibbs
free energy was found. In their work, 26 multicomponent
mixtures including some four-phase (VLLLE) emulsion poly-
merization problems were tested. Rangaiah (2001) evaluated
and compared two stochastic algorithms, genetic algorithms
and simulated annealing, for phase-equilibrium and stability
problems. Recently, Nichita et al. (2002a,b) used the tunneling
method for multiphase equilibria calculations by direct mini-
mization of the Gibbs free energy.

Even though the problem of determining whether a given
liquid mixture will spontaneously and irreversibly split into
two or more distinct phases was solved theoretically more than

100 years ago by Gibbs (1873, 1876), there are only a few
studies concerning the determination of three-liquid–phase
(LLLE) stability where three liquid phases could coexist. To
the best of our knowledge, very few studies (Sridhar et al.,
1999; Stateva et al., 2000; Wasylkiewicz et al., 1996) have
discussed such a case. There were almost no reports for this
case where equation-solving methods were used as opposed to
the Gibbs free energy minimization methods. However, several
repeated LL flash calculations were required for the determi-
nation of stability by most of the above methods through
applying the Gibbs tangent-plane criterion in three-liquid–
phase equilibrium calculations. The procedures by Stateva et
al. (2000) and Sridhar et al. (1999) were conceptually similar,
that is, liquid–liquid phase equilibrium solution was first ob-
tained, and then both of bulk phase solutions were tested for
stability. If any bulk phase solution was found unstable, three-
liquid–phase calculation was performed. Wasylkiewicz et al.
(1996) addressed the problem of three-liquid–phase equilib-
rium in more detail. For the algorithm described by Wasylk-
iewicz et al. (1996), all stationary points of the tangent-plane
distance function were first determined, and then LLE calcu-
lations were performed until the actual phase number was
identified. If too few phases are supposed, convergence to
constrained minima can occur and the nonsmooth problems or
spurious solutions to the phase equilibrium equations could
appear. If too many phases are assumed, numerical problems,
such as Jacobian singularities in Newton-based methods, con-
vergence to trivial solutions, or local extrema may arise.

In this work, a novel efficient method that can describe all of
liquid-phase patterns for ternary systems (that is, one-liquid–
phase, two-liquid–phase, and three-liquid–phase equilibrium)
is formulated. Only parameters of thermodynamic models are
required and the phase quantities are not needed. The EGL
method is very simple in principle, and the computer routine
can be programmed easily to satisfy the systems studied.

Proposed Method

In Figure 1, an equilateral-triangle phase equilibrium dia-
gram for a ternary system is considered. Point Z is the overall

Figure 1. Representation of principle for calculating the
composition XI.
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feed composition of a given liquid mixture whose stability is

unknown. Point XI is another liquid composition. ZXI�
is defined

as a vector with the length L. Therefore, point XI is not an
independent variable and can be calculated based on point Z.
The angle � is defined as the included angle between the

horizontal line from point Z rightward and ZXI�
.

According to sine theorem, the mole fractions xI,3 and xI,2

can be written in terms of L, �, and Z (Eqs. 1a–1b). The mole
fraction xI,1 is deduced because the mole fraction summation XI

is treated to be equal to unity in this algorithm (Eq. 1c).

xI,3 � z3 �
L sin�� � ��

sin��/3�
(1a)

xI,2 � z2 �
L sin�� � ��/3��

sin��/3�
(1b)

xI,1 � 1 � xI,2 � xI,3 (1c)

If the angle � and the sign of vector ZXI�
are defined, Eqs.

1a–1c can satisfy all cases in different directions from Z to
point XI in the phase diagram. For a clear and systematic
explanation, an included angle � is first defined to be measured

counterclockwise from the positive x-axis ZA� to ZX� (such as
�AZXI and �AZXI�) (Figure 2). When � is not greater than �,
� is defined equal to � and L is defined as positive. Otherwise,
when � is greater than �, � is defined as � minus � and L is
defined as negative. Thus � is located only in the range of [0,

�] and the sign of vector ZXI�
is consistent with the BL and GL

methods (Guo et al. 2003a,b,c).
There is a remarkable characteristic that can distinguish a

homogeneous region from a heterogeneous region. Given a
feed composition Z, L, and �, a characteristic function is
defined by Eq. 2a. XII in Eq. 2a is directly calculated by
phase-equilibrium relations at a given pressure and temperature
(Eq. 2b). XI in Eq. 2b is obtained from Eqs. 1a–1c. Because XII

is calculated irrespective of whether the corresponding phase

exists or not, the mole fraction summation of XII is allowed to
differ from unity, whereas the mole fraction summation of XI is
always equal to unity. This may be contradictory to the con-
ventional concept that the mole fraction summation should be
equal to unity. However, it is true for existent phases that mole
fraction summation is unity. Mole fraction summation of a
nonexistent phase is either less than unity or greater than unity.
Consider two different compositions XI� and XI� in Figure 3.
The length between XI� and XI� is supposed to be � XI�XI� �. XI� is
located in the heterogeneous region, whereas XI� is located in
the homogeneous region. When the composition is varied from
XI� to XI�, this is equivalent to changing L from 0 to � XI�XI� �
with the feed composition Z � XI� in Eq. 2a. After Eq. 2a is
calculated, the function f is found to decrease monotonically.
Values of the function f in the heterogeneous region are posi-
tive, whereas values of the function f in the homogeneous
region are negative. It is only when the composition XI is
located at the binodal curve that the value of the function f is
equal to zero. That means the mole fraction summation of XII

is equal to unity and the liquid phase with composition XII

really exists

f�Z, L, �� � �
i�1

3

xII,i � 1 (2a)

where

�I,i�T, P, XI�xI,i � �II,i�T, P, XII�xII,i (2b)

Equation 2b constitutes three unknown variables with the same
equations. The characteristic function f provides useful infor-
mation on phase existence and its formation. The composition
XI shifts from the heterogeneous region to the homogeneous
region when f decreases monotonically from a positive value to
a negative value. Therefore, the feed composition Z is located
in the heterogeneous region. The feed composition is near the
phase boundary when the characteristic function decreases/
increases to zero with small L.

In the past, Whitson and Michelson (1989) developed the

Figure 2. L is positive with � � �; L� is negative with � �
�� � 180°.

Figure 3. Opposite signs of f between homogeneous re-
gion and heterogeneous region.
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negative flash for vapor–liquid equilibrium by allowing a vari-
able to take values beyond the physical limits. Gupta et al.
(1991) provided a stability criterion by introducing stability
variables to formulate a unified set of equations. In the EGL
method, instead of the usual requirement of unity the mole
fraction summation is relaxed to overcome computational dif-
ficulties. The procedure of the EGL method is different from
those of Whitson and Michelson (1989) and Gupta et al.
(1991).

Analysis of EGL method

The novel method is based on the GL method, although
further development is needed for this complex application. A
typical three-liquid–phase diagram is considered in Figure 4.
There are three one-liquid–phase regions (I), three two-liquid–
phase regions (II), and one three-liquid phase region (III).
Below a certain temperature, a three-liquid–phase region can

appear. The critical temperature can be determined in advance
corresponding to a given ternary system (Wasylkiewicz et al.,
1996). Normally, with decreasing temperature, two separate
binodal curves will meet first at their respective plait points
forming a band, then with further decreasing temperature the
third binodal curve meets with its plait point on one side of the
band whose border just before contact is concave at that point.
One of the tie lines splits to form a tie triangle (Figure 4, III)
whose corners indicate the compositions of three liquid phases
(Francis, 1956). Thus, the tie triangle can be regarded as the
overlap between a third binodal curve and a band.

For determining phase stability including LLLE, two differ-
ent computations given by Eqs. 3a–3b are performed simulta-
neously. As discussed above, they show the deviation from the
equilibria in terms of L and �. Note that, even though the
expressions of Eqs. 3a–3b are almost the same, the different
results between them can be obtained easily in the program by
setting distinct initial values of XII and XIII

�1�Z, L, �� � �
i�1

3

xII,i � 1 (3a)

�2�Z, L, �� � �
i�1

3

xIII,i � 1 (3b)

Figure 5. Typical three-liquid–phase diagram.
I: one-liquid–phase region; II: two-liquid–phase region; III:
three-liquid–phase region; Z is located in region IIa.

Figure 6. Typical three-liquid–phase diagram.
I: one-liquid–phase region; II: two-liquid–phase region; III:
three-liquid–phase region; Z is located in region IIb; Z� is
located in region III.

Table 1. Phase Configurations with the Characteristic Signs
of �1 and �2

�1� �2�
Further Procedure:

GL Method* Phase Configuration

� � (not needed) One-liquid phase
� � (not needed) Two-liquid phase
�/� � � Two-liquid phase

� Three-liquid phase

*A phase characteristic sign is given by the optimization results of the GL
method, which can be either negative (“�”) or positive (“�”); “�”, homoge-
neous region; “�”, heterogeneous region.

Figure 4. Typical three-liquid–phase diagram.
I: one-liquid–phase region; II: two-liquid–phase region; III:
three-liquid–phase region (shaded region); dashed line: pseu-
do-binodal curve; dashed–dotted line: pseudo-tie lines; Z is
located in region I.
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where

�I,i�T, P, XI�xI,i � �II,i�T, P, XII�xII,i (3c)

�I,i�T, P, XI�xI,i � �III,i�T, P, XIII�xIII,i (3d)

Case 1. The feed composition Z is located in one-liquid–
phase region I (Figure 4). For Eqs. 4a–4b, initial values of XII

and XIII are set to be close to vertex 2 and vertex 3, respectively
(that is, XII is rich in component 2 and XIII is rich in component
3). Based on the above analysis, �1 will vary from a negative
value to zero, whereas �2 will keep a negative value with the

increasing length L along ZXI�
, which is oriented by angle �. On

the other hand, when the length L increases along ZXI��
, oriented

by another angle �, �1 will keep a negative value, whereas �2

will vary from a negative value to zero. If the length L reaches
the binodal curve, �1 is zero. If the length L reaches the
boundary of the band, �2 will be equal to zero. Both �1 and �2

are negative before the length L reaches the binodal curve or
the boundary of the band. �1 and �2 will be positive if the

length L increases further in either direction of ZXI�
or ZXI��

.
Case 2. When the feed composition Z is located in the

two-liquid–phase region IIa (Figure 5), �1 will be positive,
whereas �2 will be negative before the length L reaches the

binodal curve or the boundary of the band in the directions of

ZXI�
and ZXI��

.
Case 3. When the feed composition Z is located in the

two-liquid–phase region IIb (or IIc, Figure 6), �2 will be
positive before the length L reaches the boundary of the band.

Figure 7. Algorithm for the EGL method.
1L: one-liquid–phase equilibrium; 2L: two-liquid–phase equilibrium; 3L: three-liquid–phase equilibrium.

Figure 8. Three-liquid–phase diagram for example 1.
Dotted line: pseudo-binodal curve predicted by the UNI-
QUAC model.
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However, �1 is not strictly determined: �1 will always be

negative in the direction of ZXI�
, whereas �1 will vary from a

negative value to a positive value in the direction of ZXI��
.

Case 4. When the feed composition Z� is located in the
three-liquid–phase region III (Figure 6), �2 will also be posi-
tive before the length L reaches the boundary of the band.
Similar to case 3, �1 is undetermined.

For cases 3 and 4, the directions of ZXI�
/Z�XI�

and ZXI��
/Z�XI��

depend on the angle � only. Given that � is an independent
variable, the information of �1 and �2 cannot be used to
determine the phase stability. This can be attributed to the fact
that the regions IIb, IIc, and III are all located in the band. They
share the common boundary of the band. Therefore, a further
procedure should be performed for cases 3 and 4.

Note that �2 is positive for both cases 3 and 4, and the feed
composition should be located in the band (IIb, III, IIc). Two
liquid-phase compositions can be obtained if an LLE calcula-
tion is performed (Figure 6). When Z is located in the two-
liquid–phase region IIb or IIc, both liquid-phase compositions
can be demonstrated to be located out of the region IIa by use
of the GL method (Guo et al., 2003b). However, one of the
liquid-phase compositions will be located in the region IIa

when Z� is located in the three-liquid phase (region III). In
practice, only one of the liquid-phase compositions is chosen to
carry out further procedures according to the initial scheme,
such as X and X�. Table 1 lists all of possible phase configu-
rations with the corresponding characteristic signs of a ternary
system.

The generalized procedure of the EGL method for phase
stability determination is summarized as follows:

(1) Specify Z, T, and P.
(2) Calculate �1 and �2 and simultaneously. If �2 is neg-

ative before it reaches zero, END. Otherwise, go to step 3.
(3) Run an LLE calculation on Z and choose one typical

solution among the two liquid-phase compositions according to
the initial values; test its stability by the GL method; END.

The algorithm flowchart of the EGL method is shown in
Figure 7.

Differing from the GL method, the optimization problem for
the first level is formulated as follows

min: min���
i�1

3

xII,i � 1�, ��
i�1

3

xIII,i � 1�� (4a)

s.t. LLower � L � LUpper (4b)

0	 � � � 180	 (4c)

0 � xI,i�i�, xII,i�i�, xIII,i�i� � 1 for i � 1, 2, 3 (4d)

Here, xII,i(i) and xIII,i(i) are calculated by Eqs. 3c and 3d,
respectively. Both L and � are optimized. The objective func-
tion (Eq. 4a) can also be written as Eq. 5. A computer program
incorporating gPROMS© is developed for this method. Both
optimization problems using Eq. 4a and Eq. 5 can be solved
successfully. [Refer to Guo et al. (2003b) for definitions of
phase characteristic sign in optimization problem.]

Figure 9. �1 and �2 with increasing L for feed 1.
�1 � 0 with L � 0.0970 and � � 0.

Figure 10. �1 and �2 with increasing L for feed 2.
�1 � 0 with L � 0.1998 and � � 0.

Table 2. Initial Scheme for Example 1: n-Hexanol � Nitromethane � Water System
at T � 294.15 K and Atmospheric Pressure

Case Feeds* XI,* XII, XIII � L

1 (0.6, 0.2, 0.2) (0.98, 0.01, 0.01), (0.01, 0.98, 0.01), (0.01, 0.01, 0.98) 0 0.06
2 (0.3, 0.6, 0.1) (0.01, 0.98, 0.01), (0.98, 0.01, 0.01), (0.01, 0.01, 0.98) 0 0.20
3 (0.2, 0.5, 0.3) (0.98, 0.01, 0.01), (0.01, 0.98, 0.01), (0.01, 0.01, 0.98) 1.57(�/2) �0.09
4 (0.3, 0.1, 0.6) (0.98, 0.01, 0.01), (0.01, 0.98, 0.01), (0.01, 0.01, 0.98) 1.65 �0.29

*For each composition, the three values refer to mole fractions of n-hexanol, nitromethane, and water, respectively.
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min: min���
i�1

3

xII,i � 1�2

, ��
i�1

3

xIII,i � 1�2� (5)

Application of EGL Method

The application of the EGL method will be illustrated by
three examples. The first example discusses the phase stability
for system n-hexanol � nitromethane � water obtained from
the literature (McDonald and Floudas, 1997; Sorensen and
Arlt, 1979–1987; Walas, 1985; Wasylkiewicz et al., 1996; Zhu
and Xu, 1999b). The second one is a ternary system of meth-
ylcyclohexane � aniline � water. The third one presents the
solution of the LLLE problem for n-nonanol � nitromethane �
water. The last two examples are taken from Sorensen and Arlt
(1979–1987). All three pairs of components in the above
systems are partially miscible, and there is a potential for three
liquid phases. In this work, computational runs are performed
on a Pentium III/1.0G/Windows2000 computer.

Example 1: n-hexanol � nitromethane � water

Based on bifurcation temperature analysis (Wasylkiewicz et
al., 1996), this system is tested at a temperature of 294.15 K
and atmospheric pressure. Wasylkiewicz et al. (1996) studied
this system using the UNIQUAC model. In this study, the
UNIQUAC binary interaction parameters are from Sorensen
and Arlt (1979–1987). Four feed compositions are considered
for different positions in the phase diagram (Figure 8, Table 2).
Cases 2 and 3 are obtained from McDonald and Floudas
(1997).

Feed 1. The EGL method stops on the first level and finds
that both �1 and �2 are negative before any of them reaches
zero (Figure 9). The stability analysis indicates that Z1 is
located in the homogeneous region. XI approaches the binodal
curve until L � 0.0970 (point A, Figure 8). XI will fall at the
second binodal curve (boundary of the band) if L increases
further, given that �2 increases monotonously.

Feed 2. It is found that �1 is positive and �2 is negative
before any of them reaches zero (Figure 10). Thus, the phase

Figure 11. �1 and �2 with increasing L for feed 3.
�2 � 0 with L � �0.0880 and � � 1.57 (�/2).

Figure 12. �1 and �2 with increasing L for feed 4.
�1 � 0 with L � �0.3145 and � � 1.65; �2 � 0 with L �
�0.2925 and � � 1.65.

Table 3. Optimization Results for Example 1: n-Hexanol � Nitromethane � Water System
at T � 294.15 K and Atmospheric Pressure

Case XI * XII * XIII * � L �1** �2** IT† CPU (s)
Phase

Configuration

1 0.502518 0.097217 0.001591 0.00000 0.097482 0� �0.16758 3 0.07 1L
0.297482 0.823180 0.030860
0.200000 0.079603 0.799971

2 0.100400 0.457344 0.001315 0.00001 0.199598 0� �0.06020 2 0.01 2L
0.799597 0.305602 0.028222
0.100003 0.237054 0.910261

3 0.244537 0.104327 0.001218 1.65654 �0.090969 0.00442 0� 4 0.04 2L/3L††

0.560119 0.785762 0.027342
0.195344 0.114330 0.971440

4 0.453228 0.125240 0.001203 1.61965 �0.290301 �0.01184 0� 3 0.01 2L/3L††

0.281583 0.732735 0.016510
0.265189 0.130181 0.972287

*For each composition, the three values refer to mole fractions of n-hexanol, nitromethane, and water, respectively.
**0� denotes �1 is negative before it reaches zero; 0� denotes �1 or �2 is positive before it reaches zero.

†Number of iterations.
††After the second level is performed, the phase configuration can be determined. The results are 3L and 2L corresponding to cases 3 and 4, respectively.
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configuration is identified as LLE, which is consistent with the
prediction by McDonald and Floudas (1997). �1 decreases
monotonously, whereas �2 increases monotonously with the
increase L. The curves in Figure 10 mean that XI is moving out
of a two-liquid–phase region and is approaching another two-/
three-liquid–phase region. To some extent, the slopes of the
curves reflect qualitatively the positional relationship between
the binodal curve and L.

Feeds 3 and 4. Contrary to feeds 1 and 2, �2 is positive on
the first level for feeds 3 and 4 (Figures 11 and 12). Therefore,
the second level is required. It is true that feeds 3 and 4 are
located in the heterogeneous region according to �2. To deter-

mine whether these feeds fall on the three-liquid–phase region,
LLE calculations are first performed on feeds 3 and 4. The
converged solutions are obtained easily because some infor-
mation about the phase is known. Two specified solutions are
chosen for further calculations based on the initial scheme.
Other converged solutions that are rich in water are discarded.

When � is initialized to 2.5 for both feeds 3 and 4 and L is
initialized to 0.2 and �0.15 for feeds 3 and 4, the second level
runs successfully with the iteration numbers of 3 and 4 for
feeds 3 and 4, respectively. The phase characteristic sign is
found to be positive for feed 3, whereas for feed 4 it is negative.
Therefore, the results show feed 3 is located in the three-
liquid–phase region, which is consistent with the prediction by
McDonald and Floudas (1997), and the configuration is a
two-liquid–phase equilibrium for feed 4. Additionally, feed 4 is
interesting because by turns �1 and �2 cross over the axis y �
0 with a special angle � (Figure 12).

Results of the optimization problem (Eqs. 4a–4d) are the
same as the above analysis for the first level. The initial scheme
is given in Table 2 and the results are shown in Table 3.

Example 2: methylcyclohexane � aniline � water

This system is tested at a temperature of 313.15 K and
atmospheric pressure. The phase diagram with a large three-
phase region is shown in Figure 13. The UNIQUAC model is
used for describing the phase behavior. The UNIQUAC binary
interaction parameters are from Sorensen and Arlt (1979–
1987). Four feed compositions are chosen for different posi-
tions in the phase diagram. Applying the initial scheme given
in Table 4, the optimization problems are performed with
limited iterations and the results are shown in Table 5. The

Figure 13. Three-liquid–phase diagram for example 2.
Dotted line: pseudo-binodal curve predicted by UNIQUAC
model.

Table 4. Initial Scheme for Example 2: Methylcyclohexane � Aniline � Water System
at T � 313.15 K and Atmospheric Pressure

Case Feeds* XI *, XII, XIII � L

1 (0.10, 0.80, 0.10) (0.001, 0.998, 0.001), (0.998, 0.001, 0.001), (0.001, 0.001, 0.998) 3.14(�) 0.04
2 (0.30, 0.65, 0.05) (0.001, 0.998, 0.001), (0.998, 0.001, 0.001), (0.001, 0.001, 0.998) 0 0.04
3 (0.40, 0.20, 0.40) (0.998, 0.001, 0.001), (0.001, 0.998, 0.001), (0.001, 0.001, 0.998) 1.57(�/2) �0.3
4 (0.05, 0.65, 0.30) (0.001, 0.998, 0.001), (0.998, 0.001, 0.001), (0.001, 0.001, 0.998) 1.57(�/2) �0.12

*For each composition, the three values refer to mole fractions of methylcyclohexane, aniline, and water, respectively.

Table 5. Optimization Results for Example 2: Methylcyclohexane � Aniline � Water System
at T � 313.15 K and Atmospheric Pressure

Case XI * XII * XIII * � L �1** �2** IT† CPU (s)
Phase

Configuration

1 0.167053 0.864458 0.000006 3.05437 0.708879 0� �0.228537 3 0.02 1L
0.725816 0.129763 0.007416
0.107131 0.005779 0.764041

2 0.199972 0.851156 0.000014 0.02189 0.988029 0� �0.552689 6 0.02 2L
0.747531 0.145153 0.012255
0.052497 0.003691 0.435042

3 0.576914 0.136314 0.000005 1.57911 �0.310912 0.052508 0� 3 0.02 2L/3L††

0.382085 0.754196 0.007080
0.041001 0.161998 0.992915

4 0.131165 0.852651 0.000005 1.45654 �0.118043 �0.016612 0� 4 0.03 2L/3L††

0.704250 0.123343 0.006522
0.164585 0.007394 0.993473

* For each composition, the three values refer to mole fractions of methylcyclohexane, aniline, and water, respectively.
**0� denotes �1 is negative before it reaches zero; 0� denotes �1 or �2 is positive before it reaches zero.
† Number of iterations.
††After the second level is performed, the phase configuration can be determined. The results are 3L and 2L corresponding to cases 3 and 4, respectively.
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correct phase identifications of the system are realized on the
first level.

When � is initialized to 0 and 0.5 and L is initialized to 0.4
and �0.1 for feeds 3 and 4, the second level runs successfully
with the iteration numbers of 4 for both feeds 3 and 4. The
phase determination agrees well with the phase diagram.

Example 3: n-nonanol � nitromethane � water

For this system, seven feeds are considered at a temperature
of 313.15 K and atmospheric pressure (Figure 14, points A–G).
For all feeds, the mole fraction of water is the same, and the

mole fraction of nitromethane is varied from 0.1 to 0.7 at
intervals of 0.1. A three-phase region is found by UNIQUAC
binary interaction parameters reported by Sorensen and Arlt
(1979–1987). In all tests except one (Figure 14, point E), the
EGL method identifies the configurations correctly and without
any numerical difficulties in one-, two-, and three-liquid–phase
regions. The optimization results of the first level are listed in
Table 6. However, the EGL method shows that point E is
located in the two-liquid–phase region. As a matter of fact,
point E lies in the tie triangle. In Figure 14, the position of point
E is peculiar because it is located between one side of the tie
triangle and the corresponding pseudo-binodal curve, which is
predicted by the UNIQUAC model and is only valid mathe-
matically. Such a case exists only in three-liquid phase sys-
tems.

Similar to example 3, there are also some uncertainties in
examples 1 and 2 (Figures 8 and 13). These uncertainties in
examples 1 and 2 are less than those in example 3. Thus,
example 3 is chosen for error analysis. Five points that are
located in the pseudo-binodal curve with the same intervals are
chosen (Figure 15, points A–E). LLE and LLLE calculations
are performed for all five points, and the results are presented
in Table 7. The analysis shows that the average error for phase
splitting is not more than 5% and the maximum error is not
more than 9%. The errors caused by binary interaction param-
eters of thermodynamic model are of sufficient magnitude that
they can be accepted.

In fact, it is difficult to establish reliable multicomponent
liquid–liquid equilibria by using only binary interaction param-
eters of thermodynamic models. For reliable results it is usually
necessary to use at least some multicomponent liquid–liquid

Figure 14. Three-liquid–phase diagram for example 3.
Dotted line: pseudo-binodal curve predicted by UNIQUAC
model.

Table 6. Optimization Results for Example 3: n-Nonanol � Nitromethane � Water System
at T � 313.15 K and Atmospheric Pressure

Case XI * XII * XIII * �** L† �1
†† �2

†† IT‡ CPU (s)
Phase

Configuration

A 0.570945 0.033917 0.006938 0.00000 0.129055 0� �0.233878 12 0.08 1L
0.229055 0.902150 0.220791
0.200000 0.063933 0.538393

B 0.542831 0.035085 0.011813 0.48307 0.049551 0� �0.178151 13 0.07 1L
0.230592 0.888798 0.268342
0.226577 0.076117 0.541694

C 0.589967 0.033193 0.004338 0.19236 �0.082392 0� �0.277800 12 0.06 2L
0.228221 0.910531 0.184855
0.181812 0.056276 0.533007

D 0.570933 0.033909 0.006937 0.00000 �0.170933 0� �0.233873 12 0.07 2L
0.229068 0.902167 0.220788
0.199999 0.063924 0.538402

E 0.287893 0.462633 0.000054 1.55034 0.020256 0.006213 0� 6 0.01 (fail)
0.488722 0.287096 0.035610
0.223385 0.256484 0.964336

F 0.210319 0.546839 0.000046 0.44189 �0.008966 0.037550 0� 8 0.02 2L/3L‡‡

0.594109 0.230206 0.033662
0.195572 0.260505 0.966292

G 0.134039 0.643564 0.000052 1.24038 �0.039101 0.099789 0� 13 0.03 2L/3L‡‡

0.708668 0.195642 0.032141
0.157293 0.260583 0.967807

* For each composition, the three values refer to mole fractions of n-nonanol, nitromethane, and water, respectively.
**For cases A–D, the initial value is 0.0; for cases E–G, the initial value is 1.57(�/2).
† For cases A and B, the initial value is 0.1; for cases C and D, the initial value is �0.1; for case E, the initial value is 0.02; for cases F and G, the initial value is

�0.03.
††0� denotes �1 is negative before it reaches zero; 0� denotes �1 or �2 is positive before it reaches zero.
‡ Number of iterations.
‡‡After the second level is performed, the phase configuration can be determined. The results are 3L for cases F and G.
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equilibrium data (Reid et al., 1987). Because such errors are
directly related to parameters of thermodynamic model, they
can be reduced by improving the parameters. The errors may
be reduced if the UNIQUAC multicomponent interaction pa-
rameters can be adopted instead of the binary interaction pa-
rameters in the above examples. Unfortunately, such parame-
ters are not easy to obtain because three-liquid–phase systems
are not often published. Only five ternary systems with three-
liquid–phase equilibrium are included in the collection of liq-
uid–liquid equilibrium data compiled by Sorensen and Arlt
(1979–1987) (Negahban et al., 1986). Thus, there are also
some errors between experiment and predicted phase diagram
by certain thermodynamic models, especially for three-liquid–
phase systems.

Conclusions

A novel method, the EGL method, is developed for liquid-
phase stability determination for ternary systems, including
one-, two-, and three-liquid–phase configurations. The EGL
method allows the composition to take values beyond the
physical limits (but mathematically valid) to demonstrate new
characteristics about phase configurations. As the name im-
plies, the EGL method is an advanced method of our previous
GL method, which has been proved able to determine effi-
ciently the phase stability for two-liquid–phase systems. The
EGL method can be understood easily. Only the parameters of
the thermodynamic model, such as UNIQUAC and NRTL, are
required for phase-stability determination. The thermodynamic
model applied to a system does not influence the validity of this
method. Simultaneous computation is adopted in this method
and the convergence is not strongly dependent on the initial-
ization, especially for the initial scheme of mole fractions. In
general iteration numbers for convergence are limited. The
results obtained from three examples show that the EGL
method can be applied to determine the stability of ternary
systems. Even though the stability identification for the three-
liquid phase could have some errors arising from parameters of
the thermodynamic model, such cases normally occur in the
vicinity of the side of the tie triangle and, besides, such errors
are not very significant. Potential applications of the EGL
method include multiphase distillation, liquid–liquid extrac-
tion, and distillation with chemical reaction.
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Figure 15. Three-liquid–phase diagram for example 3.
Points A–E for error analysis; dotted line: pseudo-binodal
curve predicted by UNIQUAC model.

Table 7. Error Analysis for Example 3: n-Nonanol � Nitromethane � Water System
at T � 313.15 K and Atmospheric Pressure

Z* X1** X2** 	LL-1
† 	LL-2

† 	LLL-1
†† 	LLL-2

†† 
	1
‡ 
	2

‡ Percent1 (%)‡‡ Percent2 (%)‡‡

0.47465 0.49833 0.03728 0.9486 0.0514 0.9372 0.0545 0.0114 �0.0031 1.216 �0.057
0.26624 0.23383 0.86473
0.25911 0.26784 0.09799
0.35902 0.47558 0.03860 0.7333 0.2667 0.6919 0.2734 0.0414 �0.0067 5.984 �0.025
0.39995 0.23597 0.85076
0.24103 0.28846 0.11064
0.24115 0.45953 0.03963 0.4799 0.5201 0.4404 0.5146 0.0395 0.0055 8.969 0.011
0.55098 0.23769 0.84008
0.20787 0.30278 0.12029
0.14201 0.46341 0.03937 0.2420 0.7580 0.2274 0.7396 0.0146 0.0184 6.420 0.025
0.69618 0.23726 0.84273
0.16181 0.29933 0.11790
0.06046 0.49060 0.03771 0.0502 0.9498 0.0510 0.9405 �0.0008 0.0093 �1.569 0.010
0.82871 0.23452 0.86013
0.11083 0.27488 0.10216

Average 4.204 �0.007

*Overall compositions corresponding to n-nonanol, nitromethane, and water, respectively. For each test, the initial mole fractions: XI � [0.98, 0.01, 0.01], XII

� [0.01, 0.98, 0.01], XIII � [0.001, 0.001, 0.998]. Mole fractions of LLL equilibrium: X1 � [0.50431, 0.23333, 0.26236], X2 � [0.03696, 0.86819,
0.09485], X3 � [0.00005, 0.03246, 0.96749].

**Mole fractions of LL flash calculation corresponding to n-nonanol, nitromethane, and water, respectively.
†Phase splitting for two-liquid–phase flash.

††Phase splitting for three-liquid–phase flash.
‡
	1 � 	LL-1 � 	LLL-1, 
	2 � 	LL-2 � 	LLL-2.

‡‡Percent1 � 
	1/	LLL-1, Percent2 � 
	2/	LLL-2.
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Notation

A � UNIQUAC binary interaction parameter, K
f � characteristic function

L � length, mol/mol
LLE � liquid–liquid equilibrium

LLLE � liquid–liquid–liquid equilibrium
P � specified pressure, Pa
T � specified temperature, K

VLLLE� vapor–liquid–liquid–liquid equilibrium
X � liquid composition, mol/mol
x � mole fraction of liquid phase, mol/mol
Z � feed composition of liquid mixture, mol/mol
z � mole fraction of feed liquid mixture, mol/mol

Greek letters

� � angle, rad
� � liquid-phase activity coefficient
� � 3.14159. . .
� � included angle, rad
� � function for determining the phase stability
	 � phase splitting

Subscripts and superscripts

� � another composition; another angle
� � another composition
1 � first liquid phase; function 1
2 � second liquid phase; function 2

� � positive sign of L
� � negative sign of L

i � component i
I � liquid phase I

II � liquid phase II
III � liquid phase III
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